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Abstract 

The classical Lie method is applied to a nonisospectral problem asso- 
ciated with a system of partial differential equations in 2 + 1 dimensions 
(Maccari A, J. Math. Phys 39, (1998), 6547-6551). Identification of the 
classical Lie symmetries provides a set of reductions that give rise to differ- 
ent nontrivial spectral problems in 1 + 1 dimensions. The form in which 
the spectral parameter of the 1-1-1 Lax pair is introduced is carefully 
described. 
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1 Introduction 

Some of the authors |B] have applied the classical Lie Method [2], [TO] not 
just to a partial differential equation (PDE) in 2 -I- 1 dimensions, but to the 
Lax pair associated with this PDE J3 . This requires consideration not only 
of the independent variables and the fields involved in the PDE, but also the 
eigenfunctions of the Lax pair. The bonus is that once we have identified the 
symmetries, we can proceed to the corresponding 1-1-1 reductions [12] . which 
provide us with the reduced 1-1-1 equations as well as their associated spectral 
problems. The spectral parameter of the reduced 1-1-1 Lax pair is introduced 
in a very natural way. 

At this point, it is interesting to recall the Ablowitz-Ramani-Segur conjecture 
[T] , which establishes that a PDE is integrable in the Painleve sense [IT] if all its 
reductions pass the Painleve test [13j . This means that solutions of a PDE can 
be achieved by solving its reductions to ordinary differential equations (ODE). 
Nevertheless, it is well known that it is often more difficult to find the linear 
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problem associated with a 1 + 1 PDE than with a 2 + 1 PDE. In this sense, our 
approach is the opposite of that of Ablowitz-Ramani-Segur. We start with a 
2 + 1 spectral problem and we obtain several nontrivial 1 + 1 Lax pairs through 
classical Lie reductions of the former. 

The problem we are considering here concerns the following 2 + 1 system of 
PDEs: 







Ut 



2myU 



= UJt + ^xxx - ^xy - QuUJUJx - 2myUJ 

— rrix + uuj. 



(1) 
(2) 
(3) 



This system is the real version of the PDE proposed by Maccari in [5] . This 
equation is a particular member of a class of integrable equations found by 
Calogero and Degasperis in [3] and constitutes a 2 + 1 generalization of the 
equation proposed by Hirota in [7]. In reference [4] one of us proved that the 
system has the Painleve property and the singular manifold method [13J was 
used to derive the following nonisospectral two-component Lax pair associated 
with the system ([I])-®- 



Vx + + ux 
A 

Xx- + wV' 



= Ipt- Xlpy + 
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ojUx + uiUx + Xuoj — —Xy — —A 



+ [2CJM^ — Uy ~ Uxx + — \^u\ X 
= Xt- Xxy + -my 
+ \2ljP'U + — LOxx — XuJx ~ A^w] 
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vriy + uiUx — uLUx — Xuu! — —Xy + —A 



(4) 
(5) 

(6) 
(7) 



The system is particularly interesting because the compatibility conditions 
ipxt = Tptx , Xxt — Xtx imply that the spectral parameter A is a function of y and 
t that satisfies: 

At - XXy =0, A:, = 0. (8) 

The possible 1 + 1 dimensional reductions of ([ij-© are of course interesting, 
but it is better to study the reductions of the spectral problem (l4])-(l7]) because, 
by doing this, we shall know how the spectral parameter appears in the reduction 
and this is a nontrivial question at all as we shall see. 

In section (2), we apply the Classical Lie Method of finding point symme- 
tries to (31)- system. The different possible reductions corresponding to these 
symmetries are identified in section 3. Different non trivial 1 + 1 spectral prob- 
lems are obtained through these reductions. The conclusions are presented in 
section 4. 
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2 Classical Symmetries 



In order to apply the Classical Lie Method [HI to the system of PDEs (g])-© 
with three independent variables and six fields, we consider the one-parameter 
Lie group of infinitesimal transformations given by: 



and 



x' 


— X - 


^££,1 {x,y,t,u,uj 






(9) 


y' 


= y- 


^ ££.2{x,y,t,u,uj, 






(10) 


t' 


= t + 




TOiV'iX, A) + 




(11) 


u' 


= u + 


- e(l)i{x,y,t,u,uj, 




-0{e') 




J 


= a; ^ 


- e(l)2(x,y,t,u,uj. 


,'m,ip,xA) H 




(12) 


m! 


= m 


+ e(j)z{x,y,t,u,uj,m,ip,x,>^) 


+ 0{e') 


(13) 


4>' 


= ip-\ 


~ £(j>4{x,y,t,U,U! 


,m, V,x, A) - 




(14) 


x' 


= X4 


^ e(l)5{x,y,t,u,uj, 


m,ip,X,>^) ^ 


- 0{e') 


(15) 


A' 


= A + 


- e(j>6{x,y,t,u,uj, 


m,ip,xA) 4 




(16) 



where e is the group parameter. This transformation must therefore leave the set 
of solutions of (l4|)-(l7]) invariant. This yields an overdetermined linear system 
of equations for the infinitesimals ^i, ^2, $3, 4>ii 4>2, 4>?,, <t>A, 4>5 and ipg. The 
associated Lie algebra of infinitesimal symmetries is the set of vector fields of 
the form: 

. 9 _^ d ^ d ,9 ,9 ,9 ,9 ,9 ,9,^„, 
ox oy ot ou ouj dm dip ox 9A 

By applying the classical Lie method [T2] to the (HI)-© system of PDEs , we 
obtain a system of overdetermined equations whose solutions are (We have used 
MACSYMA and MAPLE independently to handle the calculations): 

^i=kix + Ml (18) 
6 = 2kiy + k2 (19) 
^3 = 3kit + ks (20) 

+ ^y - fci^ (21) 

1 (fMi . 1 dM2 
, / 1 dM2 1 dMi \ , , 

= H"2^"2^'^^) ^''^ 
- -fciA, (26) 
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where ki, k2 and fca are arbitrary constants; Mi = Mi{t), {i = 1..3) are arbitrary 
functions of t, and N = N{y, t) is a function of y and t that satisfies: 

Nt - \Ny - 0. (27) 

Having determined the infinitesimals in (PT|) - (P5|) . the symmetry variables 
are found by solving the corresponding characteristic equations 

dx dy dt — dX 



kix + Ml 2kiy + k2 3kit + k^ kiX 
du — duj 



u{M2 + ^y-ki) u^{M2 + ^y + ki) 
dm 

d-ip — dx 



(28) 



^ilM2 + h^y + N) ;^(iM2 + i^y-iV) 
In the next section we solve (|28|) for the different possibilities. 



3 Reductions 

There are four independent reductions, depending on the values of fci, ^2, /ca: 
3.1 h^O 

In this case, there is not restriction in setting k2 — k^ — because it only 
implies a trivial translation in y and t. 

• By solving we have the reduced variables: 

X 1 /■ Ml , y 
zi = r - 1- / -dt, Z2 = — (29) 

• The reduction of the spectral parameter is: 

A(y,t) = 2(3i)-U(z2), (30) 
where ([5]) yields the following equation for A (22): 

2(z2 + A)^ + A = 0. (31) 

dz' 



2 

Therefore, the reduced linear problem is nonisospectral. 

• The reductions for the fields and eigenfunctions are: 

u{x,y,t) = {3t)-h'^^i^^^^^a{zi,Z2) (32) 
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m{x, y, t) ^ CMyi (7(21, ^2) + A[t, Z2]) 
4>{x, y, t) = e^[^' ^2]e^[i, ^'■2]q{zi, Z2) 



(33) 
(34) 
(35) 
(36) 



where a{zi,Z2), /3(zi,Z2), 7(21,2:2), Q{zitZ2), R{zi,Z2) are the reduced fields 
and eigenfunctions. 

Furthermore r2[i, 22], H[t,Z2], A[i, 22] are defined as: 



n[t,z2] 



1 

1 



+ 



2ki 



H[t,Z2] 



Ml 
Ml 

Z2M2 + 2 

N[t, 22 



Ml 

W 
Ml 



{3ty 
M3 



dt I 22 

1 
2 



M2 
3t 



-dt 



dt - - 



, ^ 2 dMl , ■ 

(ao^^dt 



(30^ 



dt 



ki 



3t 



■dt. 



where 



N[t,Z2)]^N[t,y{t,Z2)]. 
Note that with this definition of N[t, 22], equation (^7)) yields: 

3t 



ON 
dz2 



Z2+Aiz2) 



ON 
'dt' 



(37) 

(38) 
(39) 



• Substitution of the reductions in the 2 + 1 spectral problem (IH)-© gives 
us the following 1 + 1 Lax pair: 



Q,, +AQ + aR = (40) 
i?^, -AR + /3Q = (41) 
2 (22 + A) Q;,, = Q (7^, + al3,, - ^a,, + 2Aa/3 - AA^ - A,^ + 21 A) + 

+R {~az2 - ctzizi + 2/?a^ - 4A^a + 2Aa^^ + 21a) (42) 
2 (22 + A) = R {-jz2 - ctPzi + - 2Aq;/3 + 4A^ - A^^ - 21 A) + 

+Q {13,, - p,,,, + 2a/?2 - 4A2/3 - 2A/3,, + ziP) . (43) 

• It is trivial to check that the compatibility condition of equations (|40|) - (l43p 
yields the system of nonautonomous equations: 



(7.1 =0 (44) 
a^i^izi + aziZ2 - 6a/3azi + 20:722 - 2220:22 - 2102^ - o = (45) 
Pz,z,z^ - I3z,z2 - 60/3/321 - 2/37,2 - 222/3^2 - ziPz^ - /? = 0. (46) 
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It is not difficult to clieck tliat has tfie Painleve property. This property 

and the existence of the nonlinear associated problem p0)) - (l43l) prove that the 
system is integrable although the spectral parameter is not a constant because 
it should satisfy the nonisospectral condition (I5T]) . 



3.2 ki = 0, k2^0, ks^O 

• The reduced variables provided by integration of (1^51) are: 



6fc3 



18fc| 



Z2 



• The spectral parameter is reduced as: 



X{y,t) = ^Ao, 

3fc3 



(47) 



(48) 



where Ao is a constant and therefore, the reduced linear problem is isospec- 
tral. 

• The reductions for the fields are: 



6fc3 



.(x,,,0 = ^e-2^^[M2] 

6k3 



k2 1 

m{x,y,t) = — 7(zi,Z2) + — A[t,Z2] 
6k3 3fc3 

X{x, y, t) - e-"[*' ^2]ji^^^^,^y 
where the functions r2[t, Z2], H[t,Z2] and A[t, Z2] are: 



(49) 
(50) 
(51) 

(52) 
(53) 



^[t,Z2] 

A[i, Z2I 



H[t, Z2] 
where 



1 
6^^ 



6fc3 



1 /6fc3 
4 I k2 



Ml 



dMi 
dt 



k2 [dKh 

22 H / t at 

3fc3 J dt 



1 /6fc3 
'2 I fc2 



M2 



Khdt 

6fc3 

A:2 



+ 



3fc3 



dM2 



6fc3 



,2^ 



dt 



N[t,Z2]=N[t,y{t,Z2)]. 



Ml 



(54) 

) - 

(55) 
(56) 
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Therefore, (H?]) yields 



dN fGk^V f I \ dN 



dz2 \k2 J \l + AoJ dt 
• The reduction of the Lax pair is: 

= Q,,+ Aog + aR (57) 

= i?,, - Aoi? + /3g (58) 
2(l + Ao)Q,, =Q{lz2+aP,, - Pa,,+2Aoa(3-AAl) + 

+R{-a^, -a,^,,,+2fia^ -iAla + 2Aoa,,) (59) 
2(l + Ao)i?,, =R{--/,,-aP,,+Pa,,~2AoaP + AAl) + 

+Q {fiz2 - Pz, z, + 2a - AAl 13 ~ 2Ao ) . (60) 

• The compatibihty condition of this Lax pair gives us the system: 

hz, + a/3),, = (61) 
"zizizi + aziZ2 - QaPuzi + 2q!7z2 - 2az2 = (62) 
Pz,z,z, - Pz,z2 - 6apf3,, - 2/37,, - 2/3,, = 0. (63) 

3.3 ki = 0, A;2 ^ 0, h = 



• In this case, (|28l) indicates that t is one of the reduced variables. The other 
reduced variable is zi defined by: 

Ml 

zi=x- —y. (64) 

K2 

• For the spectral parameter we have the reduction: 

A(y,t)=2Ao, (65) 



where ((65)) implies that Aq is a constant, and therefore the reduced problem is 
isospectral. • The reduction for the fields is: 

u{x,y,t) ^ e'^^(y^*^a{zi,t) (66) 

uj{x, y, t) = Vt{y, t) p^z^^t) (67) 

TO(a;,y,t) =7(zi,t) + -lA(j/,t) (68) 

V'(x, y, t) = e^^y^ t)eH{y, t)^^^^^ ^) ^gg) 

X(x, 2/, t) = e-^(y' *)e^(y' ^)i?(zi, t), (70) 
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where fl{y,t), H{y,t) and A{y,t) are: 

, . 1 / IdMi o\ , , 

^^(y,0 = ^(M.,+ --^,^j (71) 

H{y,t)^^J N{y,t)dy. (73) 

• The reduced spectral problem is: 

- + Ao Q + ai? (74) 
= i?,, - Aoi? + /3Q (75) 

Ot = Q - a/3.1 - 2Ao a;3 + + ^ [-M3 + Aq A/2 + 2hl Ah + ^/i7.i] ) + 

+R {a:,^zi - 2 /3 + 4Aoa - 2Ao a.^ + ^ [2Ao Aha + M2 a - Mi a^J^ (76) 

i?t - i? (^-/3a.i + a^z, + 2Ao a/3 ~ 4Al + ^ [M3 - Aq M2 - 2Al Ah - AfiT.J 
+Q [Pz,z, -2ap^+ 4A2/3 + 2Ao (3z, + ^ [2Ao A/i/3 + M2 /? + A/i /3,J j , (77) 

where Aq is the spectral parameter. 

• The compatibility condition of (|74p - ([77)) is the following system of PDEs: 



(7.i+a/3).i =0 (78) 

« , M2 az, + 2M3 a - Ml {az.zi + ^a-fzj ^ . 
azizizi + at - Gap az^ ^ ; = CF9) 

K2 

R MR a RR , A/2 Pz, - 2A'h P + Ml {Pz,z, + 2 /3 7. J 

which are the reduction of (H}-®. This case includes for M2 ~ A/3 = the 
Hirota equation of reference [7] . 

3.4 ki = 0, ^2 = 0, 

• y is now one of the reduced variables. The other reduced variable is zi, defined 
by: 

!Mi{t)dt 

• The spectral parameter is reduced as follows: 

A(zi,y) = 2Ao, (82) 



with Ao an arbitrary constant. 

• The reduction for the fields is: 

u{x,y, 

w(a;,y,i) = e-2f^(y'^)/3(zi,y) (84) 
m(a;,y,t) =7(zi,y) + A(2/,t) (85) 

^(a:,y,t)=e^(2^'*)e^(y'^)Q(zi,y) (86) 

X{x,y,t) = e-^^y^^)eHiv^i)R{z,,y^) (87) 

where ft{y,t), H{y,t) and A{y,t) are: 



Aiy,t)^±-[jM,m-fy-\ 



M2{t)dt ) (88) 
1 dMi 



dt 



y' (89) 



H{y,t)^^J N{y,t)dt. (90) 

• The reduction of the Lax pair yields: 

Q^Q,,+ K^Q + aR (91) 

R,,- KoR + PQ (92) 
2Ao Qy ^ Q {-fv + a /3,, - f3 a,, + 2Ao a /3 - 4Ai]) + 

+R (-a^i^i - ay + 2a2 /3 + 2Ao a^, - 4Ag a) (93) 
2Aoi?j; = i? (-7.y - a /S^i + /3 - 2Ao a /? + 4Aj]) + 

+Q (-/Szi.i + Py + 2a 13''- 2Ao - 4A2 /?) , (94) 



whose compatibility condition of (|9T|) - ()94p is the system of equations 



(7.1 + a/3)., =0 (95) 
ttzizizi + "ziy - 6q;/3q;.i + 2Q;7y = (96) 
- I3z,y - 6a/3/3,, - 213-fy = 0. (97) 



4 Conclusions 

A spectral problem in 2 + 1 dimensions is presented. The compatibility con- 
ditions of this Lax pair yields a 2 + 1 system that was introduced in [8 . An 
important fact is that the spectral parameter is nonisospectral. 

If wc wish to know the 1 + 1 reductions of the spectral problem, it is specially 
important to establish how the spectral parameter reduces. One possibility is 
to identify the classical Lie symmetries of the Lax pair instead of those of the 
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system of PDEs. We have identify these symmetries by considering the 
spectral parameter as an additional field. This means that we obtain 
symmetries that are symmetries of the fields m, 7i,a;, the eigenfunctions ip,x 
and the spectral parameter A. The symmetries that we have obtained include 
three arbitrary constants and several arbitrary functions. 

We attempt to go from 2 + 1 to 1 + 1 dimensions by using the reductions 
arising from the former Classical Lie symmetries. Four possible reductions arise 
from the Classical Symmetries. They yield highly nontrivial systems of nonau- 
tonomous PDEs in 1 + 1 dimensions as well as their associated spectral prob- 
lems, with spectral parameters that are obtained from reductions of the function 
X{y,t). Particularly interesting is case 3.1, where the spectral parameter is not 
a constant even in the 1 + 1 reduction. 

Obviously, classical Lie symmetries are not the only ones that can be iden- 
tified. Other symmetries such as nonclassical or potential symmetries can be 
studied in the future. Nevertheless the purpose of this paper is not an exhaustive 
study of the symmetries of (P)-® but to proof that the study of the symme- 
tries of the Lax pair and the spectral parameter provides much more interesting 
information that the symmetries of the system of PDE. This information is 
specially relevant when we obtain the similarity reductions that provides the 
reduced spectral problem that yields to the reduced system and the reduction 
of the spectral parameter. 

Acknowledgements 

This research has been supported in part by the DGICYT under project F1S2009- 
07880 and JCyL under contract GR224. 

References 

[1] Ablowitz M J, Ramani A and Segur H, Nonlinear evolution equations and 
ordinary differential equations of Painleve type, Lett. Nuov. Cim. 23 (1978) 
333-338 

[2] Bluman G W and Cole J D, Similarity Methods for Differential Equations, 
Springer Verlag, (1974) 

[3] Calogero F and Degasperis A, Nonlinear evolution equations solvable by 
the inverse spectral transform-I, Nuovo Cimento Soc. Ital. Fis. B 32 (1976) 
201-242 

[4] Estevez P G, A nonisospectral problem in (2 + 1) dimensions derived from 
KP, Inverse Problems 17 (2001) 1043-1052 

[5] Estevez P G and Prada J, Singular Manifold Method for an Equation in 
2 + 1 Dimensions, Journal of Nonlinear Mathematical Physics 12 (2005) 
266-279 



10 



[6] Estevez P G, Gandarias M L and Prada J, Symmetry reductions of a 2 + 1 
Lax pair, Phys. Lett. A 343 (2005) 40-47 

[7] Hirota R, Exact envelope-soliton solutions of a nonlinear wave equation, J. 
Math. Phys. 14 (1973) 805-809 

[8] Maccari A, A generalized Hirota equation in 2 + 1 dimensions, J. Math. 
Phys. 39 (1998) 6547-6551 

[9] Legare M, Symmetry Reductions of the Lax Pair of the Four-Dimensional 

Euclidean Self-Dual Yang-Mills Equations, Journal of Nonlinear Mathe- 
matical Physics 3 (1996) 266-285 

[10] Olver P J, Applications of Lie Groups to Differential Equations, Springer 
Verlag, (1999) 

[11] Painleve P, Sur les equations differentielles du second ordre et d'ordre su- 
perieur dont I'integrale generale est uniforme. Acta Math. 25 (1902) 1-85 

[12] Stephani H, Differential equations. Their solutions using symmetries, 
edited by M. Mac Galium, Gambridge University Press, (1989) 

[13] Weiss J, The Painleve property for partial differential equations IL 
Backlund transformation. Lax pairs, and the Schwarzian derivative, J. 
Math. Phys. 24 (1983) 1405-1413 



11 



